. B.TECH.

EAC-103

FIRST SEMESTER EXAMINATION, 2008-09

MATHEMATICS-I |

Time : 3 Hours

Note : (i) Attempt all questions.
(it) All questions carry equal marks.
(iii) Be precise in your answer.

-

Total Marks : 100

(iv) No second answer book will be provided.

" [SECTION—A
Q. 1. All parts of this question are compulsory.
2x10=20
1. (@) For which value of ‘b’ the rank of the matrix

15 4
a=|" 3 2lis2,p=
b 13 10

Ans. Justification :
.. Rank of A =2 < order of matrix

1 5 4
- 0 3 2 =0
b 13 10

= 1(30-26)-5(-2b) +4 (-3b) =0
= 4+106-12b=0
= b=2

1. (b) Determine the constants a and b such that
A=Qxy+3yz)i +

the curl of vector

(* +axz—- 4z2)} - Cxy+ byz)l:: is zero,a=, b

Ans. Justification :

S VxA =0

; O :
0 R S’

= - — — =
ox dy dz 0

25y +3yz X2 +axz-47° ~3xy ~byz
= i[-3x—b* —9x+8z]— j[-3y+3y]
+I€[2x{+9z—2x-—3z]=0

= {[(-3-a)x+(B-b)z]+k(a=3)z=0 .

= a=-3,b=8
1. (c) The n'? derivative (v,) of the function
y=x2sinxatx=0is
Ans. Justification: y = x?sin x
d" ) x-1
_ 24 . n n
= Y, =X Y (sin x)+"C,(2x) e

(sin x)

n-2

€, (sinx)

dxn—2
Ya(x)= x* sin(x+%{j+ n(2x)sin [x+(n - l)g]

+ n(n—l)sin[x+(n—2)§]
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. . N3
=y, = n(n—-l)sm(n-—Z)E
‘ nm
= —n{n-1)sin—
Wn-—-1)si 5

3, . AT
= (n.~nl)sm—-—
2

Q. 1. (d) With usual notations, match the items

on right hand side with those on left hand side
for properties of maximum and minimum.

(@) Maxim. (s) () rt-s*=0

@) Mioso. (r) (@) rt-s*<0

(iii) Saddle point () ) rt-s2>0andr>0
{iv) Failure case (p) ) rt—-st>andr>0

Ans. (1) Max™(s) (s) rt — 52> 0 and
r>0
(ify Min™ @ rt-st>0and
r> O
{iiiy Saddle point  (g) rt-s*<0
{iv) Failure case » rt 52 0

1. (¢} Maich the items on the right hand side with
those oz left hand side for the following special
funictions: (Full marks is awarded if all
maichings gre correct).

® B ) i(1/2)
A o "2
* Ina D Jy Teyra”
(i) ) BP,q)
M i e it ——as
i) © {plt
Ans. () Bing) () B(P.g)
[plg= ey
(i) '7‘,;'::{' (@) Jo ;ms‘d
i) Jx » Bp.g
T
W) sin p1 ) rll—

Indicate True or False for the following
statements :

Q.1.() () IftA =0, then atleast one eigen
value is zero. (True/ False)

(#) A-!existsiff 0is an eigenvalue of
A. (True/ False)

@@ii) If 1 A | # 0, then A is known as
singular matrix. (True/ False)

(iv) Two vectors X and Y is said to be
orthogonal Y, XTY = YTX # 0.
(True/ False)

Ans. (i) True
(i) False
(iii) False
(iv) False
Q.1.(g) () The curve y? = 4ax is symmetric
about x-axis. (True/ False)

(i) The curve x3 + y3 = 3axy is

' symmetric about the line y = —x,
(True/ False)

(iii) The curve x2 + y2 = a? js
symmetric about both the axis x
and y. (True/ False)

(iv) The curve x3 - y3 = 3axy is
symmetric about the line y =X,
(True/ False)

Ans, (i) True
(i) False A
(iii) True
(iv) False
Pick the correct answer of the choices given
below: ’

Q.1.(0) If 7= xi + yj+zk is position vector, .
then value of V(logr) is

@) L
(1 rz
@iy - -;5 (iv) none of thc above
. F
Ans. (i) —5
r
Justification :

Vdogr) =Xi aix(logr)

=Xi— =
i (logr)a
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_‘ Alx ar"_
_zl [ ox r]

L
==
I
=
1. () The Jacobian 2 for the function
o Axy)
"u=e"siny, v=(x+logsiny) is
@ 1
(@i) sinxsiny-xycosxcosy
@i o )
X
@ =
x
Ans. (ii))0
Justification: au'= e*siny, y=x+logsiny
o |
Hu,v) _{ox 9y
dxy) |dv v
ox dy
e*siny. € cosy
= ol =0
1 ——Co8y
siny

1. () The volume of the solid under the surface
az=x?+y? and whose base R is the circlex? + y?
=a?is given as

¢ =xl2a
@) ma®12

i) -;—na.’

(iv) None of the above

3
Ans. (ii) ’%

Justification : Required Volume = I j Idx dydz

dx dy dz

[
R

_J.a Jz,, r2rd'rd8 [Plitx:rcose]

r=0J0=0 4 y=rsin@
_ma
T2
SECTION-B
Q. 2. Attempt any three parts of the following:

10x3=30
2 -
2@lfy= (sin’l x) y prove that y_(0) =0 for

bodd and y_(0)=2, 22,42, 62
# 2 forn is even.

Ans.

R (T 2)2, n

y = (sin” x)? (D

= .y -1

= 2(sin x).—ii-—(sin x)
dx

= ¥ = 2(sin™' x).

1-x?

= l—xzyl =2sin" x

= (1-x% )y,2 =3(sin”" x)?
y ..(2) [ y= (sin” x)2]
Differentiating (2), we get

2 [a-st]-

d
= —2xy$+(1—x?)zx—(yf)=4yl

= (-2 ) =

d .
;(4)’) :

= ~2xy] +(1-x%)2y,y, = 4y,
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(1-x*)y, —xy-2=0 -(3)
Differentiating (3) n times by '

(=X, + " C(=2%) Yoy +"C (-2},
~{xy,4 +"C (DY, 1-0=0
n(n-1)

= (lv_xz)yn+2 _znxym-l -

=X pe) =Yy = 0

2

[... IIC1 = $nC2=n("‘])] .

= (1 —xz)y”+2 -(2n+Dxy, —nzy" =0

(4)
From (1), y (0) = [sin"1(0))2 =0
From (2), y,(0)=0
Putting x = 0in (3), y,(0) =2
Putting x = 0 in {4),
Yur2(0) =1y, (0)=0
= Y2 (0) =1y, (0) +(5)

Putting n = 1 in (5), y,(1)=12y,(0)=0
Putting n = 3 in (5); y5(0) = 3? y;(0)=0
Putting n= 5 in (5), y,(0) =52y,(0)=0

= v,(0)=0 if nis odd.
Again, putting n=2in (5), y,(0) = 22 y,(0) = 2°
Putting n =4 n (5), y(0) = 4% y,(0) = 2.2%.4%
Putting n= 6 in (5), y;(0) = 6% y4(0) = 2.2%.4°.6

Putting .n =n - 2in (5;,
¥, (0)= ...=2.22.42.6% ~(n-2)? if niseven
Thus,
0if nis odd
¥n(0) = {2.22 426%...(n—=2)* if n is even

Q. 2. (b) Find the dimension of rectangular box
of maiximum capacity whose surfae area is

given when (a) box is open at the top (b) box is
closed. ’

Ans Letx, y and z be the length, breadth and height
of the box. Let S & Y be surface area & volume of
box respectively.

(a) When box is open at the top.

Then

S =2(xy+yz+zx)—-xy

S = xy+2(}x+y)z (1)
and Y =xyz 2)

By Lagrange’s method,

aY+AQ§=O,§1+A§£—O Q—+la—s=0

A ox dy. oy oz 0z
= yz+A{y+2z)=0 -3
xg+A(x+27)=0 -(4)
y+2Ax+y)=0 LG

Eq"(3) - Eq"(4) gives
(y—-x)z+Ay-x)=0
= y=2x.
 x(2z-y)+2x(2z-y) =0
= y=2z

=> For surface area (S) given , the dimensions for
maximum capacity are x = y = 2z,

Now
S =xy+2(x+y)z [From (1)]

= (22)0(22)+2(2z+ 22)z
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25 6

- Lengthx=2z= ‘27,;-[

/ 5
Breadthy=2z = E
p A5
eightz= 2\/5
(b) Wherrbox is closed,
then ;
S = 2xy+yz+2zx)
and Y =xyz
.. By Lagrange’s method,
05,33 _
i ox
S |4
9%, ;i_ -
dy
BS 1%
ey Rl Ay,
% oz

=  2y+)+Ayz=0
- 2(x+z)+lxz=Q
2x+)+Axy=0

Eq"(3) - Eq"(4) gives
2(y-x)+Az(y=x)=0
= y=X.

Eq(4) - Eq"(5) gives
2z-*Ax(z-y)=0
= S
Thus, Xx=y=¢z.
S= 2{xy+ yz+2x)
= S= 2(z.z+z.24+2.2)

ool S= 6Z2

_\[5
= =4

S lhx=y=

(1)
-(2)

-.(3)
-(4)
.(3)

Z]

5
. height of box x= s

5
Breadth of box y = \/%

5
Height of box z= \/;

Q. 2. (c) Find a matrix P which diagonalizes the
4 1
matrix A = [2 3], verify P-! AP =D whereDis

the diagonal matrix.

(4 1
Ans. Given matrix A = l 5 3

Characteristiceqn of A is
[A-AM=

4-1 1 :
=0
3[ 2 3—/1]

= (4-A)(3-1)-2=0

= 12-4A-3A+A%*-2=0
= A2-7A+10=0

= A2-5A-2A+10=0
= AA-5)-2A-5)=0
= (A-2)(A-5)=0

= A =2, A =35, which are eigen values of
matrix A. . '

x
LetX = I:xl J be eigen vector of A for eigen value
2
5 :

BN (A-1DX =0

E-J.""Aa 1 Xy 0 . ’
= {2 3-alx] Tlo)] ~O
For A= 2, (1) gives
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L]
W | =

1 -1][4-2 4+1
2 1][2-6 2+3

e

= ' 2x,+x, =0 i 12 5
or .2x|+x2 =0 =3|-2 1= s
Let x, =k => x, =2k 254 Sos
' k ! =3]4-4 10+5]
.. Eigen vector for A =2 is 2k or -
. ' if6 ©
Again, for A =5 (1) gives =300 s
L™
1 1 |x 0 ‘ ) QO
2 2flx] =|o =[0 5]

= “ly+x, =0 Hence verified that P~! AP is a diagonal matrix.

and 2x,-2x, =0 2. (d) Find the area and the mass contained in
the first quadrant enclosed by the curve

or x‘ "Xz = 0
O\ (y P , ‘ "
19ket x; =k=>x, =k (;) +(3) =1 where >0, § >0 given that
kl |t _
.. Eigen vector forA=5is. [ k] or []] density at any point P(xy) is k\/g.
: 1 1 . L[ x N y B
:. Modal matrix P = |_, ||, which'will  Ans.Givencurveis | —| +( & =1
diagonalize A. | .
Ver%ﬁcation : and Density p (x, y) =k\/_x;.
We shall calculate P-'AP and it should come as H dx d
diagonal matrix (D). ‘ Required area A = A y
11 where R is the region given by
Now P = 21 -
x\* y b
’ x20,y20,|—~| +|=]| <1
' . 1 -1 a b
= adjP =, .
x\* ‘ y A
IPI =()(DH+(2)(1) Put (~) =X : (—) =Y
a b
=3
L 1
: adjP _1 1 -1 = *_xa Y_yB
P =T T3 ) a : b
1
- 1
111 144 1 1 i = X= aX*® ; e
1ap =1 =py#B
Sl A M y
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1 ' b 5
:dx:ﬁxa dX d.v=-5y” dy

L.
.. Required area A = ”—X a EY B drdy

whre R! 1sthereglonx>0,y>0,x+ysl.

i i
—_—1 ==l
2 [fxa" ¥P dedy
1

= Required area = of
B
- aB \[ —+1

[By Dmchlet s integral]

= ”k\[x.v dx dy

where R is the region

: v 5
xZO,y.ZO,(—) +(—)-’) <1.
: a b
d L\ 8
a ' b

! 1
= x=aX® y=bY?

2nd Part :

1

b 7!

= dx= X“ dx dy=EY” dy
Requlred mass

] 1 1 1
~ = —1 ph
= {[axapyBLxa 2yP dxd
M “a o B ly

where R is the region x>0,y >0, x+ y< 1.
=> Required mass

M= k”

—+l —+| 11 ‘

-1 l,_
a b2 \5ata Yy gy

; 3
kalb? ¢
= -ﬁ--——HXZ" Y38 drdy
af
o
5 ['T i3
kath? 2wy 28 , :
= — 3 - e e {B_\' Dirich!ct’s theorm]
& 3
—.—+..__
28

2. (e) Using the divergence theorew: i evalaate
the surface integral

_U (yz dy dz + zx dzdx + xy dy dx}

wheué x? +y +~ =

Ans. Given surface integral

I = H(yz dy dz+ zx dx dz + xy dy x)
s ,
:j F.ids-

where F = yzf + z,r}' +xy£

By divergence theorem,

”I?ﬁds = HVI—} dy
N v
' Now, \ N
VF = j’i.;.gfz_.;,.(?f;_
g ox dy 9z
= -;;(h.H- 3’ (xz)+aiz(xy)
=0

‘dﬁﬁ.ﬁ ds =0
s

- ”( yz oy Ao e dx dz + xy dy de) = 0.
<
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SECTION-C

Q. 3. Attempt any two parts from each question.
All questions are compulsory. -

3. (@) Trace the curve r* = a® cos20
Ans. Please see Q.3 (d) of 2000-2001.

2, .2
3.(b)f u=log U ry) » prove that
(x+y)

(Unit-{)

Ans. Here u =log

X+y
x? +y2
x+y

x4+ y?

Let Vix, y) Xty

£ +yH

Hx+y)

. x2+y2
xX+y
= fV(X./ y)

. V(x, ) is a function ¢,f degree n'= 1.

= - V(ix )

]

~. By Euler’s theorem,

1}
=

a u R a 5 ‘
= xs;(e )+.\5;(t ) =t

B, D,
= A5 e Tay €

xe"§£+ e“a—u

= ax oy ~¢
x%.}_ v_a.l_l

= ‘ ox .)ay =1

Hence proved.

3. (¢c) If V = f(2x—3y, 3_)’—42, 4z -2x),
compute the value of 6V, +4V, +3V,.

Ans.HereV= f(2x~-3y,3y—-4z,4z-2x)

Let 2x-3y=r,3y—4z=5,42-2x=1¢

V =f(rs)
Now,
L
7 ox
W v v
T Or ox 9S ox ot ox
vV v v
= o+ 0+ (-
or @)+ ds O+ at( 2)
1% 1%
:’] —_— -
- 6xx =125-~12 )
av
Also, Vy = Jy
av ar av s v
S 0or'dy os 9y or dy
1% 1% 1%
=L+ L3+
or =+ ds 3+ ot ©
- 1% 1%
==12—+12— )
= 4V), 5 + 3% (2
Aga il |
gain, Y, = F
oV or i’)lé vV ot

=or 2z 9 92 o oz
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vV
— QK (0)+ QK /”4).ri)“m(4)
or o5 at

oV s

3y, =—122—+ 125 03
= : et Os o )
Adding (1), (2) and (3), we get
6V, + 4V, +3Y_ =0,
Q. 4. (a) The temperature *T” at any point (xyz)
in space is T(xyz) = K xyz* where K is constant.
Find the highest temperature on the surface of
the sphere x2 + y2 + 72 = a2
Ans. Here temperature T = k xyz?.

Given sphere is x* +y2 azt = a* D
= X+ P -a? =0.
Let p=a" +y  +22—a°

We want to find the highest value of T.
.. By Lagrange’s method,

§I+ /'LE(2 =0
ox ox
JaT d¢
—+A = =
dy dy v
JT o0
—t A =
0z 0z 0
= bzt +2ix =0 2
kxz* 424y =0 (3)
2kxy’ #2Az =0 A4y
Lk’ A5)
X
kxz?
From (3), -2 = ..{6)
),‘
2kyz
From (4), —2A = J D

From (5) and (6),

X - y
- A
= v o=t
Also from (6) apd(7)
s Z: :___2)-2
= 72 =242
Now, from,
\ +\' +* =a2
2 ) o _ .2
= xt+xt 2% =4
2
a
= 2 o=—
4
a
= X = X--
2
2 ¥
V2 o=l
a
= Vo= + -
2
Also, 72 =242
2
= 2= ‘.
2
a
fuseme z = +—
2
I' = ko
a)
= Tmax - ’(i"" (i
)
4
«a
= Tln']X =
4

Q. 4. (b) Verifly the chain rule for Jacobians lf

X=u, y=utanv,z=w
Ans. We shall verify

a(x,y,2) B(u.\',w)
Hu,v,w) 8(.\', v,2)

Herex=u,y=u, tanv, =w
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i{ax ox

ou ov ow
ox,»z) |9y dy Oy

= ouv,w) " lou v ow
dz 0z 9z

— —

u ov ow

i 0 0

= ftanu 4sec’u O
0 0 1

=4 sec’u

au,v,w) kl 4
To calculate *a(x, ") we shall express «, v an

win terms of x, y and z.

SXSUDU=X
Also, y =utany
= tanv = 2
_ u
=2
x
= v = lan-lz
x
Again,
zZ=w
= w =z
Thus, we have obtained
u=x,v=tan"z,w=z.
X
ox dy 0Oz

a(u’ v, W) av aV aV

NoW. myn “|ax 3y 2
ow v o
dx dy Oz

1 0 0
( 2Y/_
53 )
X x yoAXx
l+——.‘;
X
0 0 1
- X
x2+y2
u

W +u? tan’ v
u
= uz(l + tan?® v)
1
A 4sec? v
Hu, v, w)
&(x,y,2)

9(x,,2) Z
o v, w)

= 4sec’ Y x

4sec?Y
9(x.y,2) « o(u,v, w)
Au,v,w) Ax,y,2)

4. (c) The time ‘T’ of a complete oscillation of a
simple pendulum of length ‘L’ is governed by *

the equation T = 2x lé, g isconstant. Find the
g .

approximate error in the calculated value of T
corresponding to an error of 2% in the value
of L.

Ans.Here T= 2p L

g
S %errorinLl=2%

8L ‘
—x100=2
=71

.. g is constant
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Sg 1 1-3
=7 =0 212
g ~ R;—»>R;-R,
: L 4 3 b -
Now, T =2n |— .
g (i) For trivial solution,
1 Rank A = No. of unknowns = 2
= logT =log2n+_(logL -logg) It is possible if b - 8 % 0
(sl sg) = b +8
= sT =0+ E(—I—: - _g) i.e. For trivial solution b #8.
T 8 (1)} Fo; non-trivial soln.
- sT 1.2 Rank A < No. of unknowns =2
T 21 " Itispossibleif b~ 8=0
sT 1 = ~ b =8
= T “100 i.e., for non trivial soln., b= 8.
~ %errorinT=1%. To obtain this soln, put b =8 in A, we get
Q. 5. (a) Determine ‘b’ such that the system of 1 1 3
homogeneous equation 2x+y+2z=0; x +y A-lo 21 4
+ 32 =0; 4x + 3y + bz = 0 has (i) Trivial solution : 1o 0o o
(#) Non-trivial solution. Find the Non-trivial .
solution using matrix method. ' Rewriting the system,
Ans. Given system of equation is x+y+3z =0
2{+y+2z =0 ) —y—4z =0
x+y+3z =0 Let z=k
4x+3y+bz =0 = y==4k
_ 2_R2—>R2'2R| x+y+3z =0
2 1 -
GORRG o aken =0
Coefficient matrix A'= 1 1 3
= x=k
‘ (4 3 b
. . Desired non-trivial soln.is x=k
[1 1 3 y=-4k
(212 R, ©R, z=k
3
4 b Q. 5. (b) Verify Cayley-Hamilton theorem for
113 . 1 2 -
the matrix A = and hence find A~".
Jf2 12 , 2 -1
4 3.b ’
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i 2']{
2 -1

Characteristic cq" of A is
CTA-AL =0

il-—/l 2
2 -1-2
= (=A)=1-1)-4 =0

D l-A+A+A2-4 =0

= At—-s5 =0

To verify Cayley Hamilton theorem, we have to
show

Aus. Given matrix A = I:

=0

A2-5] =0
Now,
A? =AA
1 2][1 2
R I |
[1+4 2-2
“l2-5 4+
(5 0]
~l0 5]
Now,
) 5 0 51 0
AT =1o075]"o 1
o]
I =
10 1]
(5 01 [5 O
=10 5] |0 s
o 0
=10 o]
=0
= AZ_ 51 =0

Thus Cayley Hamilton theorem is veified.
To find A}, we multiply above relation by A~!.
We get A™! (A%~ 51) = 0A™!

= A-35A7T =0 [ AT =AY
= A —iA
h °5
o1 2]
o=
AT 752 -

Q. 5.(c) Find the eigen value and corresponding
eigen vectors of the matrix

(—5 2)
I=
2 -2

-5 2
Ans. Given matrix A = 7 2

Characleristic eqn. of A is

A=A =0

5.0 2
. N
S (5~ AN2-2)-4 =0
= 5+0)Q2+A)-4 =0

= 10454420 +4% -4 =0

= A +7h+6 =0
= A4 6A+A+6 =0
e AA+6)+1(A+6) =0
= (A+1D(A+6) =0
= A=~1-6.

which are cigen values.

X1

Let X = [ :I be given vector of A corresponding

A2
to cigen value 2.
= (A-AhX =0

R

For A =-1, (1) gives
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RENER o f—aiye
12 -1flx] 1O

. VVf = sz
= ~4x, +2x, =0 .
*f drf
or 2y ~x, =0 ’ =—-j;+_4+§_!i
b ax"  ody* 9z*
& 25 -x =0 Now.
Let x; =k, = x, =2k of
RCER—— 6x2y224
x,} [ k ] x
X = =_, ,
>X2 LR a..j
- = > o= 12xyg
[l ril dx
= or
£ =) LZJ N o P
For A =-6, (1) givgs SO ) T 4x7yz
‘ 1 2 xl . {)— . a;,f ’ o
2 4)[x| 9] - 'ayg =z
= lx; +2x, =0 h ¢
‘ T w4y ty2,2
and 2x,+4x, =0 and 3 - 24x7y*
or x+2x, =0 = } VVf = izxyz:4 + 4x3z4 +24)63y22,2
Let x, =k = x =-2k ) Let ¢ = V.Vf
X = || = ¢ = 12072 +axPst 42407770
X, +2k

.. Given surface is

=2 -2 '
T e

~ 2 2
Thus eigen value of given matrix are -1 and -6. = wyz-dx-zt =0

! 1 "_2 We shall find normal # to this surface. .
Corresponding eigen vectors are 2} and L { ’

Let = xy?z-3x-2°

respectively.

. . . . . ° ag 4 d "'ag
Q. 6. (a) Find the directional derivative of V(Vf) = Vg =! 8_+ ja~+k8—"
at the point (1, <2, 1) in the direction of the * Y e .
normal to the surface xy’z=3x+z? where Vg =i[y*z—3]+ j[2xyz] +k[xy* - 22]
f= 2x3yzz4. ©at given point (1, -2, 1)
Ans. To find directional dervatve of V< Vf V&2n =i~4j+2k
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= io=i-4j+2k
= il = o+ + P
= 1Al =21
B
" =)
= (l 4j+2k)
J_

To calculate directional derivative of V.Vf = ¢,
we shall first calculate V¢.

Now,

= I;[IZyzza 12527 + 726222
_ +}[24xyz‘ +48x° yz2 ]
\ + k[48xy%2° +165°2 +48x%y2z]
At(1-2,1)
(V&aras = i(48+12+28.8)+ j(~48=96)
+E(192+ 92)
(V821 = 480 —144] 4 400k

Desired directional derivative = V¢.n

2 Y ~ 1 ~ ~ ~
= (348{ + 144+ 400k). (i - 4] +2k)
! Bty
1724
—— (348 + 576 +800) = ——
f 21

Q. 6. (b) Using Green’s theorem, find the area of
the region in the first quadrant bounded by the
curves

Ll x
y=xy x’y a

. . 1 X
Ans. Givencurvesare y=X,y=—,u= Z
X

Region bounded by these curves in first quadrant
is shown in the following figure.

1
Required area = ch(xdy—ydx), where C

represents the boundary of area.
By Green’s theorm,
= Required area

1 1 )
= 5£<wy—m)+ii(wy—ya)

+2 | Gy=ydn) D)
BO

Now,

Along OA, y = %

= dy = 'de
I(xdy—ydx) - I(ﬂ-ﬂ)
OA oa\ 4 4

J Cy—yary _
0OA

Along AB, y =

-
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= ——dx
= dy =~"3
o Jady=yd) _ [ x| 5 |de-—ax
AB AB \X X
]
=—2j—dx
AB*

To evaluate this integral, we shall first calculate
value of x at A and B.

Now,
X 1
=& y=—
AtA, y=3 y o
| x _1
= 4 " x
= x =4
= X =2
1
AtB,. y =x& y=—
: X
1
= X =-
x .
= x2 =1
= x =1

1
1
N R
AB . 2

= ~2flog x};
=2log2 [..log1=0]
Also, '
Along BO, y=x
= dy = dx

= [(udy-ydo) = [ xdv—xdx
BO BO

=0
Thus, putting above values in (1),

_ 1 1 1
Required area = 5(0)+-2-(2 log2)+5(0)

=log 2

6.c) Prove that (y'-z*+3yz)i+

Bxz+2xp)j + QGry-2xz+ 27)k is both
solenoidal and irrotational.
Ans.Given vector

V =7 -2 +3y2)i +Baz+2xy)
jBxy—2xz+22)k
Here,
V, =y -2 +3yz
V,, = 3xz+2xy
vV, = 3xy-2x2+2z
For ¥ to be irrotational, V xV =0,

i j k

ox ‘dy 9z

Vi ;. Y

Now,
VxV '

i i k
R 9 9
ox dy 0z

y(i -2 +3yz 3xm+dry 3xy-2xz+2z

= {[3x-3x]- j{3y-2z+2z-3y]
+k[3z+2y-2y-32]
=0
=> ¥ isirrotationd.

For V to be solenoidal V.V=0
Now,

'y, 9_‘{]_4..?}.’2_4..8_‘,_3
vy = ox dy 0z
=0+2x-2x+2
=2
VY20

= V is not solenoidal
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Hence given question is wrong.
7. (a) Changing the order of inte zration of
1

f j e 7 sin nx dx dy
s0 Jo

Show that I:(ﬂ,—lil—{J dx = 7;
X 2

Ans. See Q.5(a) of 2003-04.
7.(b) Determine the area bounded by the curves
xy=2, 4y=x2 and y=4.

Ans. Region beunded by given curres is shown in
followiag tigure.

wet

Required arca = gj v dy
R
where R is ine shaded regwon.

" JR—

Here limits of xare -~ (o iy and 1n
¥ H
2to 4.
424y
=> Required area = [ J dx dy
wet 2

= 2{%{4?’2—10g4]

2
-2 [3

[2 2.3/2 2 2
2122 - -2 =
i_3 (29 log2° (-2 3

=2[%23—2kg2}-—

(4f’2~10g2}

ESN

(]

32 . 4
= Z==2110g2% -~
3 © 3

28
= T—410g2

Q.7.(c)Forap funcfion, show that

ﬁ(P‘I)"B(P*},*IH'B(P-‘I*'I)

Ans. RHS = Bp+1.g9)+ B(p.g+1)

5p+@g+[pd+l

T ptg+l |p+q+

[ Bim,n) =

~ -
plaly +:pq@

|

l?n_l;}

m+n

T ip+q+l I

1prq+

rlg
[p+q+l

:(p+qﬂ;D
(p+q)p+q

bl
ptrq
Hence proved

= (p +‘ (/)
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